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Abstract. Let us consider a Riemannian manifold M (either separable or non- 
separable). We prove that, for every e > 0, every Lipschitz function f : M 
R can be uniformly approximated by a Lipschitz, C'^-smooth function g with 
Lip((7) < Lip(/) -I- e. As a consequence, every Riemannian manifold is uniformly 
bumpable. These results extend to the non-separable setting those given in [3] 
for separable Riemannian manifolds. The results are presented in the context of 
Finsler manifolds modeled on Banach spaces. Sufficient conditions are given 
on the Finsler manifold M (and the Banach space X where M is modeled), so 
that every Lipschitz function / : A/ — ^ R can be uniformly approximated by a 
Lipschitz, C'^-smooth function g with Lip{g) < CLip(/) (for some C depending 
only on X). Some applications of these results are also given as well as a char- 
acterization, on the separable case, of the class of Finsler manifolds satisfying 
the above property of approximation. Finally, we give sufficient conditions on 
the Finsler manifold M and X, to ensure the existence of Lipschitz and C^- 
smooth extensions of every real-valued function / defined on a submanifold A*' of 
M provided / is C^-smooth on A'' and Lipschitz with the metric induced by A-I. 

1. Introduction 

In this work we address the problem whether every Lipschitz function / : M — t- M 
defined on a non-separable Riemannian manifold can be uniformly approximated by 
a Lipschitz, C°°-smooth function g : M ^ M. The study of this problem was moti- 
vated by the work in [3], where this result of approximation is stated for separable 
Riemannian manifolds. The question whether this result holds for every Riemannian 
manifold is posed in [1], [3] and [TO]. A positive answer to this question provides 
nice applications such as: (i) the uniformly bumpable character of every Riemann- 
ian manifold, (ii) Deville-Godefroy-Zizler smooth variational principle holds for every 
complete Riemannian manifold [1] and (iii) the infinite-dimensional version of the 
Myers-Nakai theorem given in [10] holds for every complete Riemannian manifold 
(either separable or non separable) as well. 

The problem of the uniform approximation of Lipschitz functions defined on a 
Banach space by Lipschitz and C^-smooth functions has been largely studied. J. 
M. Lasry and P. L. Lions used sup-inf convolution techniques to answer positively 
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to this problem on every Hilbert space [16j. R. Fry introduced "sup-partitions of 
unity" , a key tool to answer positively to this problem for the case of bounded and 
Lipschitz functions defined on Banach spaces with separable dual [9j. Later on, D. 
Azagra, R. Fry and V. Montesinos extended this result in [3J. In particular, they 
obtained smoothness of the Lipschitz approximating functions whenever X is 
separable and admits a Lipschitz C'^-smooth bump function. Recently, it has been 
shown that this kind of approximation holds for every real- valued Lipschitz function 
defined on a Banach space with separable dual [13j (see also ^ Lemma 1]), on cq{T) 
(for every non-empty set of indexes V) [T2] and on a larger class of non-separable 
Banach spaces [13]. Moreover, they obtain an upper bound (that only depends on 
X) of the ratio between the Lipschitz constant of the constructed smooth functions 
that uniformly approximate to a function / and the Lipschitz constant of /. 

We study the problem in the context of smooth Banach-Finsler manifolds. Our 
aim is to study sufficient conditions on a smooth Banach-Finsler manifold M so that 
the above result on uniform approximation of Lipschitz functions defined on M holds. 
We consider the setting of Banach-Finsler manifolds so that we can obtain a unified 
approach to this problem for both Riemannian and non-Riemannian manifolds, such 
as any submanifold of a Banach space X, that is a natural continuation of the study 
done in infinite dimensional Banach spaces. 

In Section 2 we recall the concepts of Finsler manifold in the sense of Palais 
and Neeb-Upmeier introduced in [2T] , [20] , [25] (both modeled on a Banach space X 
either separable or non separable). We introduce the notions of Finsler manifold 
in the sense of Neeb-Upmeier weak-uniform and uniform as a generalization of a 

Finsler manifold in the sense of Palais and a Riemannian manifold, respectively. 
Some results related to mean value inequalities are provided for Finsler manifolds 
in the sense of Palais, Neeb-Upmeier weak-uniform and Neeb-Upmeier uniform. A 
result on the existence of suitable local bi-Lipschitz diffeomorphisms is also given as 
an essential tool to establish the results on approximation and extension in the next 
sections. 

In Section 3, we prove that every real- valued and Lipschitz function defined on 
a Finsler manifold M (in the sense of Neeb-Upmeier) weak-uniform modeled on 
a Banach space X can be uniformly approximated by a C'^-smooth and Lipschitz 
function provided the Banach space X satisfies a similar approximation property 
(which we shall denote throughout this work (*'^)) in a uniform way. In other 
words, if for every Lipschitz function / : X — t- M and every e > 0, there is a C^- 
smooth and Lipschitz function g such that \f{x) — g{x)\ < e for every x G M and 
moreover Lip(gf) < CLip(/), where the constant C only depends on X and C does 
not depend on a certain class of equivalent norms considered in X . This class of 
norms is closely related to the set of norms defined in the tangent spaces to M. 
We shall prove that, for i = 1, the above assertion holds whenever the manifold 
M is modeled on a Banach space X with separable dual or M is a (separable or 
non-separable) Riemannian manifold. In the proof of this assertion, we use the 
results given in the previous section as well as the existence of smooth and Lipschitz 
partitions of unity subordinated to suitable open covers of the manifold M (see [21] , 
[13j and [2] ) and the ideas of the separable Riemannian case |1| . A similar result is 
provided in the case that M is a Finsler manifold (in the sense of Neeb-Upmeier) 
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uniform. It is worth mentioning that, in this case, the constant C is not required to 
be independent of a certain class of norms considered in X. 

In Section 4 several applications are given. Under the above assumptions on the 
manifold M (in particular, if M is a Riemannian manifold), it can be deduced that 
M is uniformly bumpable (this concept was first defined in [T|) and thus the Deville- 
Godefroy-Zizler smooth variational principle holds whenever M is complete. This 
generalizes the result given in [Ij for separable and complete Riemannian manifolds. 
Moreover, it can be deduced that the infinite-dimensional version of the Myers-Nakai 
theorem for separable Riemannian manifolds given in |10j holds for every infinite- 
dimensional complete Riemannian manifold. An interesting open problem related to 
this result is whether an infinite-dimensional version of the Myers-Nakai theorem can 
be obtained for a certain class of (infinite-dimensional) complete Finsler manifolds. 
For a study of a finite dimensional version of the Myers-Nakai theorem for certain 
classes of Finsler manifolds see [22] . 

In Section 5, we follow the ideas of [9j, [3j and [13j to establish a characterization 
of the class of separable Finsler manifolds M in the sense of Neeb-Upmeier which 



are -smooth uniformly bumpable (see Definition 4.1) as those having the property 
that every Lipschitz function / defined on M can be uniformly approximated by 
a C'^-smooth and Lipschitz function g such that Lip[g) < CLip(/) and C only 
depends on M. 

In Section 6 the following extension result is established on a Finsler manifold 
M (in the sense of Neeb-Upmeier) weak-uniform modeled on a Banach space X: for 
every C'^-smooth and real-valued function / defined on a closed submanifold N of 
M, such that / is Lipschitz (with respect to the metric of the manifold M), there is 
a C'^-smooth and Lipschitz extension of / defined on M, provided the Banach space 
X satisfies the approximation property {*^) in a uniform way. The proof relies on 
a related result established in [5] for Banach spaces with separable dual and in [14j 
for a larger class of Banach spaces. 

The notation we use is standard. The norm in a Banach space X is denoted by 
II • ||. The open ball with center x £ X and radius r > is denoted by B{x,r). A 
C'^-smooth bump function 6 : X — )■ M is a C'^-smooth function on X with bounded, 
non-empty support, where supp(6) = {x G X : b{x) 7^ 0}. If M is a Banach-Finsler 
manifold, we denote by TxM the tangent space of M at x. Recall that the tangent 
bundle of M is TM = {{x,v) : x £ M and v € T^M}. We refer to [H], [KJ, [7j 
and [23] for additional definitions. 

2. Preliminaries and Tools 

Let us begin with the introduction of the class of manifolds we will consider in 
this work. 

Definition 2.1. Let M be a (paracompact) Banach manifold modeled on a Ba- 
nach space (X, II • II). Let us denote by TM the tangent bundle of Ai and consider 
a continuous map || • ||m : TM — )• [0,oo). We say that 
(Fl) (M, \ \ ■ \ \m) is a Finsler manifold in the sense of Palais (see [21j . 
[3; [23] j ifW ■ \ \m satisfies the following conditions: 

(PI) For every x £ M, the map || • ||a; := || • ||m|j, : TxM — )• [0, 00) is a 
norm on the tangent space T^M such that for every chart (p : U ^ X 
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with X ^ U, the norm w E X i— )• | |a; is equivalent io || • || 
on X . 

(P2) For every xq £ M , e > and every chart ip : U ^ X with xq € U, there 
is an open neighborhood W of xq such that if x G W and v € X , then 

^ \\dip-\^{xo)){v)\U„ < \\dcp-Hip{x)){v)\U < {l + e)\\dcp-H^{xo)){v)\\,,. 



l + e 

In terms of equivalence of norms, the above inequalities yield to the fact 
that the norms \ \dip~^ {ip{x)){-)\\x, are (l+e) -equivalent to \ \dip~^ {ip{xo)){-)\\xo ■ 
(F2) (M, II • \ \m) is a Finsler manifold in the sense of Neeb-Upmeier 
(\20\ : Upmeier in [25j denotes these manifolds by normed Banach mani- 
folds) «/|| • ||a/ satisfies conditions (PI) and 
(NUl) for every xq £ M there exists a chart (p : U ^ X with xq €z U and 
Kxo ^ 1 such that for every x £ U and every v £ TxM , 

(2-1) T^II^IU < \\dv{x){v)\\ < i^xoll^^lU- 

Equivalently, {M, \ \ ■ \ \m) is a Finsler manifold in the sense of Neeb- 
Upmeier if it satisfies conditions (PI) and 
(NU2) for every xq £ M there exists a chart ip : U ^ X with xq £ U and a 
constant M^g > 1 such that for every x £ U and every v £ X , 

-^\\dip-\^{xo)){v)\\x, < \\dip-\^{x)){v)\\x < M,J|d(p-i(vp(xo))(7;)|Uo. 

Xq 

(F3) (M, II • \ \m) is a Finsler manifold in the sense of Neeb-Upmeier 
weak-uniform if it satisfies (PI) and there is K > 1 such that 
(NU3) for every xq £ M , there exists a chart ip : U ^ X with xq £ U satisfying, 
for every x £ U and v £ X , 

(2.2) l\\d^-\^(xo)){v)\\x, < \\d^-\ipix))iv)\\x < K\\d^-H'pixo)){v)\\xo. 

In this case, we will say that (M, || • \ \m) is K -weak-uniform. 
(F4) (M, II • \ \m) is a Finsler manifold in the sense of Neeb-Upmeier 
uniform if\\- \ \m satisfies (PI) and 
(NU4) there is S > 1 such that for each xq £ M there exists a chart ip : U ^ X 
with Xq £ U and 

(2.3) "F^lblU ^ ^ '5'II^IU, whenever x £ U and v £ TxM. 
In this case, we will say that (M, \ \ ■ \ \m) is S-uniform. 

Remark 2.2. (1) Clearly, (Fl) (F3). Also, (F4) (F3) (F2) (see Figure 
!)■ 

(2) Every Riemannian manifold is a C°° Finsler manifold in the sense of Palais 
(see [21\) and a C°° Finsler manifold in the sense of Neeb-Upmeier uniform. 

(3) The concepts of Finsler manifold in the sense of Palais and Finsler 
manifold in the sense of Neeb-Upmeier are equivalent for finite- dimensional 
manifolds. 
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(4) Nevertheless, in the infinite- dimensional setting, there are examples of 
Finsler manifolds in the sense of Neeb-Upmeier that do not satisfy the Palais 
condition (P2) (see Example 10]). 

(5) Note that if M is a Finsler manifold in the sense of Palais, then it 
is K -weak-uniform for every K > 1. Also, if M is S -uniform, then M 
is S'^ -weak-uniform. Indeed, inequality (2.3) is equivalent to the fact that 
\\dip~^{ip{x)){-)\\x is S- equivalent to \ \-\\ on X , for every x G U . Now, it can 
be easily checked that this implies that \ \d(p~^{ip{x)){-)\\x is S'^ -equivalent to 
\\dip-^{ip{xo)){-)\\xo for every x eU. 

(6) It can be checked that condition (NU3) in the definition of Finsler mani- 
fold in the sense of Neeb- Upmeier weak-uniform yields to the following con- 
dition: 

(NU3') for every R > K , xq & M and every chart ip : U ^ X with xq £ U , 
there is an open subset W with xq £ W C U such that 



(2.4) 



R 



\\dip-\ipixo)){v)\\xo < \\dip~\ip{x)){v)\\x < R\\dip'\ipixo)){v)\\x„ 
whenever x £ W and v £ X , 




Neeb-Upmeier 



N eeb-Upm eier W eal<-unifo rm 




Figure 1. Finsler Manifolds 



Let M be a Banach manifold and / : M — )■ R a differentiable fmiction at p £ M. 
The norm of df{p) £ TpM* is given by 

\\df{p)\\p = snp{\df{p){v)\ : v £ TpM,\\v\\p < 1}. 

Let us consider a differentiable function f : M ^ N between Banach manifolds M 
and N . The norm of the derivative at the point p £ M \s defined as 

\\df{p)\\p = sup{||d/(p)(z;)||j(p) : V £ TpM, \\v\\p < 1} = 

= snv{adf{p){v)) : e e Tf(^p)N*, v £ TpM and \\v\\p = 1 = m\}^p)}. 

Recall that if {M,\\ ■ \\m) is a Finsler manifold in the sense of Neeb-Upmeier, 
the length of a piecewise smooth path c : [a,6] — )■ M is defined as £{c) := 
la W'^' i't)\\c{t) dt. Besides, if M is connected, then it is connected by piecewise 
smooth paths, and the associated Finsler metric dM on M is defined as 

dM{p,q) = inf{£(c) : c is a piecewise smooth path connecting p to q}. 

Recall that the Finsler metric is consistent with the topology given in M (see |21j . 
|25| Proposition 12.22]). The open ball of center p £ M and radius r > is denoted 
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by BMip-if) := {g G M : dM{p,q) < r}. The Lipschitz constant Lip(/) of a 
Lipschitz function f : M ^ N, where M and are Finsler manifolds, is defined as 
Lip(/) = sup{ "^({ig;ff)) :x,yeM,x^y}. 

In the following proposition we obtain some "mean value" inequalities. The ideas 
of the proof follow those of the Riemannian case (see [1]). 

Proposition 2.3. (Mean value inequalities). Let M and N be Finsler manifolds 
in the sense of Neeb-Upmeier, and f : M ^ N be a -smooth function. 

(i) //sup{| 1^ : x £ M} < oo, then f is Lipschitz and Lip{f) < sup{| |a: : 
X e M}. 

(ii) // / is Lipschitz, the manifold M is K -weak-uniform and the manifold N is 
P -weak-uniform, then sup{||(i/(x)||a; : x £ M} < KPLip{f). 

(ii') // / is Lipschitz, the manifold M is K-uniform and the manifold N is P- 
uniform, then sup{\\df{x)\\x : x G M} < i^^P^Lip(/). 

(iii) Thus, if f is Lipschitz and the manifolds M and N are Finsler manifolds in 
the sense of Palais, then sup{||(i/(x)||:i. : x £ M} = Lip(/). 

Proof, (i) Let us consider p,q £ M with dM^P, q) < oo, and e > 0. Then there is a 
piecewise smooth path 7 : [0,T] — )• M joining p and g with ^(7) < dM{p,q)+s/C , 
where C = sup{\\df{x)\\x ■ x G M}. In order to simplify the proof, let us assume 
that 7 is smooth (the general case follows straightforward). Now, we define 
13 ■.[0,T]^ N as I3{t) = /(7(t)). Then, /3 joins the points f{p) and f{q), and 

dN{f{p)j{q)) < m< r\\dfm)h'm\mdt< r\\df{imMh'm,it)dt 

Jo Jo 

< cf y{t)\\^i^t)dt<CdM{p,q)+e. 
Jo 

Thus, dN{f{p),f{q)) < CdM{p,q)+e for every e > 0. Then, dN{f{p),f{q)) < 
CdM{p,q) and Lip(/) < C. 

(ii) First, let us consider the case = M. Let us denote by L := Lip(/). Let us 
take xq G M and (p : U ^ X a chart with xq £ U, (p{xo) = and satisfying inequality 



(2.2). In order to simplify the proof, let us denote by ||| • ||| the norm ||d(/?~^(0)(-)||a;o 
on X. Let us take a ball B{0,r) C ip{U) and check that the function / o ip^^ : 
B{0,r) — 7- M is il'L-Lipschitz with respect to the norm ||| • |||. Indeed, for every pair 
of points x,y £ B{0,r), we define 7 : [0, 1] — M as 7(t) := ip~^{ty-\- (1 — t)x) £ U. 



By inequality (2.2) we obtain 

1/ o ^-i(x) - / o ^-\y)\ < LdM{^-\x), p-\y)) < L£(7) = 

= L I \W{t)\\^(^t)dt = L I \\d^~\ty + (1 - t)x){y - x)||^(i)dt < 
Jo Jo 

<KL [ \\dip-HO)iy - x)\\,,dt = KL\\\x -y\\\. 
Jo 

Thus, from the mean value inequalities in Banach spaces we obtain \d{foip~^){0){v)\ < 
i^L|||t;||| for every v £ T^gM. Therefore, 

\df{xo)iv)\ = \d{f o (^-1 o p){xo){v)\ = \d{f o ^-^m{d^{x^){v))\ < 

< KL\\\d^{xo){v)\\\ = KL\\d^-\0){dip{xo){v))\\x, = KL\\v\U„ 
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for every v S Tx^M and ||d/(xo)||xo ^ KL. Since this conclusion holds for every 
xq £ M, we deduce that 

sup \\df{x)\\,<KL. 

Now, let us consider the general case, i.e. f : M ^ N where M is a weak- 
uniform Neeb-Upmeier manifold with constant K > 1 and is a weak-uniform 
Neeb-Upmeier manifold with constant P > 1- If there is a point xq £ M such 
that ||(i/(xo)||xo > KPL, then there are ^ G Tj^^^^^-^N* and v £ T^^M such that 
IklUo = ll^ll/(a;o) ~ ^^'^ l?(^/(^o)(^^))| > KPL. Let us take a chart of at /(xq) 
satisfying inequality ( |2.2[ ) with constant P, which we shall denote by ^ : ^ — t- y, 
where is modeled on the Banach space Y . Also, let us take r > such that 
/(xo) G -BAr(/(xo), r/4) C Biy{f{xQ),r) C ^ and define the function 

g: f-\BN{f{xo),r/A))^R, 
5(x)=^od^-i(^(/(xo)))W/(x))). 

Then, on the one hand, 

(2.5) \dgixo)iv)\ = \C o di;-'mixomdi;{f{xo))df{xo){v))\ = 

= mf{xo){v))\>KPL. 

On the other hand, let us check that the function g is PL-Lipschitz with the dis- 
tance dM- Indeed, first let us show that ip is P-Lipschitz with the norm ||| - ||| := 
\\d^p~^{^p{f{xo))){■)\\f(^xo)■ Since tp : V ^ Y satisfies inequality (2.2) with constant 
P, we have for every z £ V and v £ T^N, 

\\mz)iv)\\\ = iid^-i(^(/(xo)))((iv(^)M)ii/(.„) < 

< P\\dip-\iP{z)){d^Piz){v))\U = P\\v\\, 

Hence, HldV'C^)!!! := sup{|||(i?/^(z)(t>)||| : v £ T^N and H^H^ < 1} < P for every 
z £ V, and thus sup{|||dV(-2)||| z £ V} < P. Also, let us check that, for every 
z,z' £ BN{f{xo),r/A), 

d^iz, z') = inf{^(7) : 7 is a piecewise path connecting z and z' with 7 C V}. 

Indeed, if there are z, z' £ B]y{f(xo),r/A) with d]y{z, z') = inf{£(7) : 7 is a piecewise 
path connecting z and z'} < inf{-£(7) : 7 is a piecewise path connecting z and 
z' with 7 C V}, then there is a path 7 : [0, 1] — )■ A^ such that 7(0) = z, 7(1) = z' , 
i{-f) < dN{z,z') + r/A and 7(t) ^ V for some t £ [0,1]. Then dAr(/(xo), 7(t)) > r 
and dN{z,-i{t)) < ^(7) < dN{z,z') + r/4. This yields, 

r < dN{f{xo),-f{t)) < dN{f{xo),z)+dN{z,-f{t)) < dN{f{xo), z)+dN{z, z')+r/A < r, 

which is a contradiction. Now, we can follow the proof of part (i) to deduce that tp 
is P-Lipschitz on BNif{xo),r/4) with the norm ||| • ||| = \\dip~'^{ip{f{xo))){-)\\f(^xo) 
on Y. Finally, for every x,y £ f^^{B{f(xo),r/4)), we have 

\g{x) - g{y)\ = \^ o di;~Hi;{f{xo))){ij o f{x) - ^ o f{y))\ < 

(2.6) < ||#-i(V^(/(xo)))(V o f{x) - ^ o /(y))||^(,,„) = 
= \\\^Pof{x)-^Pof{y)\\ \ < PdNif{x),f{y)) < PLdM{x,y). 

Then g : /~^(P(/(xo), r/4)) — )■ M is PL-Lipschitz, and by the real case we have that 
sup{\\dg{x)\\x : x £ f~\B{f{xo),r/4))} < KPL, which contradicts K^. 
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(ii') and (iii) follow from (ii) and Remark 2.2 5). □ 

The following lemma provides a local bi-Lipschitz behaviour of the charts of a 
Finsler manifold. 

Lemma 2.4. Let us consider a Finsler manifold M. 

(1) If M is K -weak-uniform, then for every xq £ M and every chart (U, ip) with 
xq £ U satisfying inequality (2.2), there exists an open neighborhood V C U 
of xq satisfying 

(2.7) ■j^dM{p,q) < WWip) -V{q)\\\ < KdMip,q), for every p,q G V, 

where \\\ ■ \\\ is the (equivalent) norm \ \dip^^ {ip(xQ)){-)\\xff defined on X. 

(2) // the manifold M is K-uniform, then for every xq € M and every chart 
{U,(f) with xq £ U satisfying condition ( |2.3| ), there exists an open neighbor- 
hood V C U of Xq satisfying 

(2.8) -^dM{p,q) <\Mp) - y^{q)\\ < KdM{p,q), for every p, q e V. 

Proof. Let us assume the hypothesis in (1) holds. The arguments given in the proof 
of Proposition 2.3 yield to the existence of r > with BM{xo,r /A) C BMixo,r) C 
U C M such that iip,q £ (xq, r/4), then 

dnip, q) = iiif{^(7) : 7 is a piecewise path connecting p and q with 7 C C/}. 

Let us consider p,q G BM{xo,r/4:), e > and a piecewise smooth path 7 : 
[0, T]^U joining p and q with £(7) < ^Af (p, q) +e/K. Let us define /3 : [0, T] X 
as j3{t) = ip{'y{t)). Then, /3 joins the points ip{p) and (p{q), and from inequality (2.2) 
we obtain 

\Mp) - ^{q)\\\ < m < r |||d^(7(t))(7'(t))lll dt<K fwi'm^^^dt = 

Jo Jo 

= K£{j)<KdM{p,q) + e. 

Now, let us consider ip~^ and s > such that B{ip{xo), s) C ip{BM{xo,r /4:)). For 
X, ?/ E B{^p{xo), s), let us define the path 7 : [0, 1] — )■ M as 7(t) := (p~^{ty+{l—t)x) S 
BM{xo,r/A). Then, 

dMi^-H^), f-\y)) < ^(7) = \h'm^^t)dt = C \\d^-\^{^{tmy - m',{t)dt 

Jo Jo 

< [ K\\d^-\ip{xo)){y - x)\\^, = K\\\x - y\\\. 



Finally, let us define the open set V := f ^{B{lp{xo), s)). 

The proof under the hypothesis given in (2) follows along the same lines. □ 

3. Smooth Approximation of Functions 

Before stating the main result of this section, let us define property for 
Banach spaces as the following Lipschitz and C'^-smooth approximation property for 
Lipschitz mappings on Banach spaces. 
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Definition 3.1. A Banach space {X, ||-||) satisfies property {*^) if there is a constant 
Co ^ 1; which only depends on the space {X,\\ ■ ||), such that, for any Lipschitz 
function / : X — t- M and any e > there is a Lipschitz, -smooth function K : 
X — 7- M such that 

\f{x) - K{x)\ < e for all x e X and Lip(K) < CoLip(/). 

Notice that if a Banach space X satisfies property {*^), then for every Lipschitz 
function / : ^ — t- M (where ^ is a subset of X) and every e > there is a Lipschitz, 
C'^-smooth function X : X — )• M such that 

|/(x) - K{x)\ < e for a\\ x e A and Lip(K) < (7oLip(/). 

Indeed, there exists a Lipschitz extension F : X — t- M of / such that Lip(F) = Lip(/) 
(for instance x i— )• infyg^{/(y) + Lip(/)||x — y||}), and applying property {*^) to F 
the assertion is obtained. 

Remark 3.2. (1) Every finite- dimensional Banach space X admits property 
(*°°). Since the functions K{-) are constructed by means of convolutions, 
it can be easily checked that the constant Cq can be taken as 1 for every 
equivalent norm || • || considered in X. 

(2) Every Hilbert space H admits property (*^) (see [16jj. Also, from the con- 
struction of the functions K{-) with inf-sup-convolution formulas, it can be 
easily checked that the constant Cq can be taken as 1 for every Hilbertian 
norm \ \ ■ \ \ considered in H. 

(3) Every separable Banach space with a -smooth and Lipschitz bump function 
satisfies property (*'^) (see [3], [5], [9] and fT3]j. Moreover, the constant Cq 
can be obtained to be independent of the equivalent norm considered in X. 
Indeed, a careful examination of the proofs given in these papers, allows us 
to ensure that X satisfies property (*^) with constant Cq < 600 for every C^- 
smooth norm defined on X. Now, using the density of the set of -smooth 
norms on the metric space {J\f[X),h) of all (equivalent) norms defined in X 
with the HausdorfJ metric h (see [6l Theorem IL4.1]J, it can be shown that 
X satisfies property (*^) with Cq < 601 for any equivalent norm on X . Now, 
we can deduce property {*^) with constant Cq < 602 (independently of the 
equivalent norm considered on X) from the results on C^-fine approximation 
of C^- smooth functions by C'^ -smooth functions [2], [13] and [T7j. 

(4) A Banach space X such that there is a bi-Lipschitz homeomorphism between 
X and a subset of Co{T), for some set F 7^ 0, whose coordinate functions are 

-smooth, satisfies property {*^) (see [13\). Unfortunately, we do not know 
if, in this general case, the constant Cq can be obtained to be independent of 
the (equivalent) norm considered in X. 

The following lemma is quite useful in approximation of functions on Banach 
spaces. It provides the existence of suitable open coverings on a (paracompact) 
Banach manifold, which will be key to obtain results on smooth approximations and 
smooth extensions. Let us recall that the distance between two sets A and B oi a 
metric space is dist(A, B) = mi{d{a, b) : a £ A, b £ B}. 
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Lemma 3.3. (See M.E. Rudin, \2A\) Let E he a metric space, U = {Ur}re^ be an 
open cover of E. Then, there are open refinements {Vn,r}neN,reQ and {Wn,r}neN,reQ 
ofU satisfying the following properties: 

(i) Vn,r C Wn,r C Ur for all n £ N and r G 17, 

(ii) dist{Vn,r,E\ Wn,r) > 1/2"+^ for alln^n and r G 

(iii) dist{w'n,r, W^y) > l/2"+i for any n £ N and r,r' Gn,ry^ r' , 

(iv) for every x £ E there is an open ball B{x, Sx) of E and a natural number Ux 
such that 

(a) if i > Ux, then B{x, Sx) H Wi^r = for every r G $7, 

(b) if i < Ux, then B{x, Sx) D Wi^r 7^ for at most one r G 0. 

In the following, we will extend to a certain class of Finsler manifolds, the result 
on approximation of Lipschitz functions by smooth and Lipschitz functions defined 
on separable Riemannian manifolds given in [¥]. This result is new, even in the case 
when M is a non-separable Riemannian manifold. 

Theorem 3.4. Let M be a Finsler K -weak-uniform manifold modeled on a 
Banach space X which admits property (*^) and the constant Cq does not depend on 
the (equivalent) norm. For every Lipschitz function f : M ^ M, and any continuous 
function e : M — t- (0,oo) there is a Lipschitz, C"^ -smooth function g : M ^ M 
(m := min{^, k} ) such that 

\a{p) - f{p)\ < \\dg{p)\\p < CiLip(/) for every p G M, 

and therefore, Lip{g) < CiLip(/), where Ci := 2CqK'^ . 

Proof. We can assume that L := Lip(/) > and < e{p) < CqK'^L, for all p G M. 
For every p G M, there is (5p > such that e(p)/3 < e{q) for every q G B]\f{p, 36p) and 
a C^-smooth chart ipp : BM{p-,'i^p) X with ipp{p) = 0, satisfying (PI), inequality 
(2.2) and inequality (2.7) for all point of the ball -BAf(p, 35p). In particular, ipp 
and ipp^ are Lipschitz with the (equivalent) norm | jd'/^p ^(0)(-)| |p considered on X, 
Lip((^p) < K and Lip((^p ^) < K. 

Let us consider an open cover IJ7Gr ^M{p-y, ^7) of M, where S^y := 5p_^ for some set 
of indexes F. Also, let us write ip^y := ipp^, := e{p^i) and ||| • III7 := ||d(/3~"^(0)(-)||p^. 
Let us define, for every 7 G F, 

/7 : ^^{Bm{p^, 3(^7)) C X ^ M, f^{x) := f{ip-\x)), 

which is i^L-Lipschitz with the norm ||| • |||^. By Lemma [3. 3| there are open refine- 
ments {K,7}neN,7er and {Wn,y}nm,j& of {BM{p-y,26y)Y^r satisfying properties 



(i) — (iv) of Lemma 3.3 



Now, we need the following lemma related to the existence of smooth and Lip- 
schitz partitions of unity on a manifold M. First, let us recall the definition of a 
smooth and Lipschitz partitions of unity. 

Definition 3.5. A collection of real-valued, -smooth and Lipschitz functions 
{V'ilie/ defined on a Finsler manifold M is a -smooth and Lipschitz partition 
of unity subordinated to the open cover U = {Ur}ren of M whether (1) ipi > on 
M for every i £ I, (2) the family {supp(V'j)}ig7 is locally finite, where supp(V'i) = 
{x G M : ipi{x) 7^ 0}, i. e. for every x G M there is an open neighborhood U of x 
and a finite subset J C I such that supp(^j) n f7 = for every i £ I \ J, (3) for 
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every i £ I there is r G Q, such that supp(V'i) C Ur, and (4) '^i,=i^i{x) = 1 for 
every x €z M . 

Lemma 3.6. Under the assumptions of Theorem \3.4\ there is a -smooth partition 
of unity of M {'i/'n,7}neN,7er such that supp(V'n,7) C Wn^^y and ipn^-y is Lipschitz for 
every n G N, 7 G T. In fact, \\d'ipn,'y{p)\\p < nl5Coiir^2"'+^ for all p £ M, and thus 
Upi^pn,^) < nl5Co-fC22"+i for all n e N and 7 G T. 

Let us assume that Lemma |3.6| has been proved. Let us denote by Ln,7 := 
max{l, sup{| |(iV'n,7(p)| Ip : P £ M}}. Since X admits property {*^) and the constant 
Co does not depend on the equivalent norm considered on X, there is a C'^-smooth, 
Lipschitz function gn^'y : X — )■ M such that 

s /3 

\9n,-y{x) - /7(x)| < — |- — for all X e ip^{Bm{p^,36j)) 

and Lip(g(„^^) < CoLip(/^) < CqKL with the norm ||| • |||^ on X. Let us define the 
function (7 : M — )• M as 

dip) ■= X] ^n,-y{p)9n,-y{^'y(.P)), P £ M. 

neN,7er 

Now, if p ^ BM{Py,'2S^), then ipn.-yip) = and ipn,'y{p)gn,'y{^'y{p)) = 0. Since 
supp('i/'n,7) C VFn,7 C (^7 , 2(5'y) , it is clear that p i-)- 'ipn,^{p)gn,"/{^^{p)) is C™- 
smooth on M, for each n S N and 7 G F. Moreover, {supp('(/'n,7)}neN,7er is locally 
finite, and thus g is well defined and C""-smooth on M. 

Note that, if '4'n,'r{p) 7^ 0, then p G supp{ipn,'y) C i?M(j'7)25^) and thus f{p) = 
f-tif-yip))- Hence, 

\9ip)-f{p)\ = 

= I '^n,-y{p)gn,-y{<f-y{p)) - f{p)\ = \ ^ i'n,',{p){gn,'y{<f-y{p)) " f{p))\ = 

neN,7er neN,7er 

= I 'iPn,^ip){gn,^{f-y{p)) - fji^-yipM < 

Let us check that g is 2Coi^^-C/-Lipschitz on M. Recall that X^p^xr '^">7(^') ~ ^ 
all p G M, and thus X^NxF ^V'n,7(p) = for all p G M. Also, properties (i) and (ii) 
of the open refinement {Wn,7}neN,7er imply that for every p G M and n G N, there 
is at most one 7 G L, which we shall denote by 7p(n), such that p G supp(V'n,7)- 
Let us define the finite set Fp := {(n, 7) G N x L : p G supp(V'n,7)} = {(^)7p(^)) £ 
N X r : p G supp(V'n,7p(n))}- Recall that, if we consider the norm ||| • on X, then 
Lip(9n,7) < CqKL and thus |||(i5r„,^(3;)||| := sup{ 1^5^,7 (2;) (f)| : |||w|||7 < 1} < CqKL 
for all X £ X. Also, := sup{|||(i(/9^(p)(f)|||^ : ||f||p < 1} < K whenever 

p G B(p^/, 3d.y). Therefore, we obtain that \\d{gn,-y ° f'r)ip)\\p < CqK'^L whenever 
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p € B{p.y, 36^) and 

\\dg{p)\\p = \\ 9nri{V'i{p))d'4}nn{p) + ^ i^nn{p)d{9nri ° 'fi){p)\\p = 

= 11 Y (gnni^-yiP)) - f{p))di^n,^{p) + J2 '^n,-y(.P)d{gn,j o ip^){p)\\p < 
(n,7)6Fp (n,7)6Fp 

^ J2 \9n,-yiV'y{p)) - f'y{^-y{p))\\\diJnniP)\\p+ ^ tpn,'y{p)CoK^ L < 
(",7)eFp (n,7)6Fp 

- 2"+2L^^ r /">7p(™) + '^Oi^^-C' < 

{n:(n,7p(n))eFp} "'>('^) 

< e(p)/4 + CqK^L < 2CoK^L. 



Finally, by Proposition [2^i), Lip(5-) < sup{\\dg{p)\\p : p e M} < 2CqK^L which 
finishes the proof of Theorem |3.4[ 



Now, let us prove Lemma 3.6 Let us consider the two refinements {V^,7}neN,7Gr 
and {VFn,7}ngN,7er of {Bm{Pi-, 257)}7er satisfying the properties {i) — {iv) of Lemma 
3!3l Recah that distAf(K,7, M \ > 1/2"+^ and distM(Wn,7, ^n,7') ^ 1/2"+^ 



for every 7, 7' G F, 7 / 7', and every n G N. Also, recall that 99^ : BM^P-y, 3(5^) 
^■yiBM{P'y,'iS-y)) := B^ C X satisfies 

^dM{p,q) < \\\v-y{p) - 9^7(9)1117 ^ KdM{p,q), for p,qe Bm{Pj,36^)- 

Let us denote := ip^{Vn,-y) and VFn,7 := V'7(l^n,7)- Clearly, C Wn^-y C 
ip^{BMip-y, 3(^7)) = B^ C X. Also, for every x G l^^^ C X and y G B^ \ Wn^-y C X, 
there are p G 1^,7 and q G i?M (^7, 3(5^) \ PFn,7 such that (/^^(p) = x and ^p^yiq) = 
y. Thus, |||x - y\\\^ = \\\^'y{p) - ^■y{q)\\\-i > ^duip^q) > j^^^+i ■ Let us define 
dist^(^, := inf{|||x — y\\\^ : x G A and y G -B} for any pair of subsets A^B d X. 

Then, dist^(K,7,^7 \ ^^^,7) > 7^2^- 

Let us define : X — M as </)„^^(x) = dist^(x, Fn,7)- Then, (/>n,7(Ki,7) = and 
inf (/)„_^(i?^ \ PFn,7) > j^2"+i • ^ Lipschitz function 0„ : M — )• [0, 1] such 

that en{t) = 1 for^t < jj^, Bnit) = Q fo^t > 27d^f+T with Lip(0„) < 5K2"+i. 

Then, (e„ o (/.„,T,)(K,7) = 1, {On o 0„,^)(S^ \ = and Lip(^„ o < 5i^2"+i 

(with the norm ||| • |||^). 

Now, by property (*'^), we can find C'^-smooth and Lipschitz functions ^„^-y : 
X such that 

sup{|^„,^(y) - {On o (pn,'y){y)\} < 1/4 and Lip(^„,^) < CoLip(6'„ o (pn,-y), 

with the norm ||| • |||^, for every 7 G F and n G N. 

Let us take a C°°-smooth Lipschitz function ^ : M — t- [0, 1] such that 0{t) = 
whenever t < ^, 6{t) = 1 whenever i > | and Lip(^) < 3. Let us define hn,'y '■ 
X — )• [0,1] as hn^-y{x) = 0{^n,-y{x)), for every n G N and 7 G F. Then, /i„^^(x) is 
C'^-smooth, Lip(/i„^-y) < 15CoK2"'~^^ (with the norm ||| • |||^), /in,7(^,7) = 1 and 

hn,^{B^\Wn,-y) = 0. 
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Now, let US define /in,7 : M — )• [0, 1] as 



otherwise. 



Then, the function /i„,7 is C™-smooth, supp(/in,7) C Wn,^ C i?A/(P7i 2J^), ||(i/i„_-y(p)||p < 
15CoK^2'^+^ for every p G M and thus Lip(/iJ,^) < 15^0X^2"+^ 

Let us define /i^ : M — )• M as /in(p) = Y^y^^r ^n,-y{p), for every n G N. Since 
dist(VF„^^, ) > whenever 7 7^ 7', we deduce that hn is C"-smooth. Also, 
^n(U7Gr VnJ = ^ and /in(M\U^er ^",7) = 0- In addition, \\dhn{p)\\p < 15CoK^2''+^ 
for every p E M and thus Lip(/i„) < 15Coi^^2"'+^. Finally, let us define 

■01,7 = ^1,7 and ■i/'n,7 = ^n,7(l - /ii) • • • (1 - /in-i), for n > 2. 

Clearly the functions {'i/'n,7}neN,7er are C^-smooth functions, | |c?0ri,7(p)| |p < nl5CoK'^2^~^^ 
for all p G M (and thus Lip(V'n,7) < nl5Coi^^2'^+-^), supp(V'n,7) C supp(/i„,7) C 
Wn^'y C BMip-y, 25-y). In addition, for every p G M, 

5^ V'n,7(p) =i;V'l,7b)+ (5^V7(P) ) lli'^-hiiP)) = 

nGN,7er 7er n>2 \-yer J i=l 

n-1 

= hi{p) + Y,hn{p)ll{l-h,{p)) = l. 

n>2 i=l 

Hence, {V'n,7}n6N,7er is a C™-smooth partition of unity subordinated to the open 
cover {W„,-j.}„gN,7er of M with | |dV'n,7(p)| |p < nl5CoK'^2^^^ and Lip(V'n,7) < 
nl5Coi^^2"^^ for all p G M, n G N and 7 G F. This finishes the proof of Lemma 

ESI □ 



If we do not assume that the constant Co is independent of the (equivalent) norm 
considered in the Banach space X, a similar result to Theorem |3.4| can be obtained 
for smooth Finsler manifolds in the sense of Neeb-Upmeier i^-uniform modeled on 
a Banach space X. 

Theorem 3.7. Let M be a Finsler manifold in the sense of Neeb-Upmeier K- 
uniform, modeled on a Banach space {X, || • ||) which admits property (*'^). For every 
Lipschitz function / : M — )• M, any continuous function e : Af — )• (0, 00) there is a 
Lipschitz, C^'-smooth function (7 : M — )• M (m := min{^, k} ) such that 

\g{p) - f{p)\ < £{p), \\dg{p)\\p < CiLip(/) for every p e M, 

and thus Lip{g) < CiLip(/), where Ci := 2CqK'^ and Cq is the constant given by 
property (**'). 



The proof of Theorem 3.7 follows along the same lines as that for Theorem 3.4 
Let us indicate that, in this case, throughout the proof the norm considered in X is 
II • II (instead of ||| • |||^). 
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4. Corollaries 



In this section we will give several corollaries of Theorem 3.4 The first collorary 
is related to the concept of uniformly bumpable Banach manifold. Let us recall 
that the existence of smooth and Lipschitz bump functions on a Banach space is 
an essential tool to obtain approximation of Lipschitz functions by Lipschitz and 
smooth functions defined on Banach spaces (see [31 [9l IS]). A generalization of 
this concept to manifolds is the notion of uniformly bumpable manifold, which was 
introduced by Azagra, Ferrera and Lopez-Mesas for Riemannian manifolds. A 
natural extension to every Finsler manifold can be defined in the same way, as 
follows. 

Definition 4.1. A Finsler manifold M in the sense of Neeb-Upmeier is C^- 
uniformly bumpable (with k < I) whenever there are R > 1 and r > such that 
for every p ^ M and 6 G (0, r) there exists a -smooth function b : M ^ [0, 1] such 
that: 

(1) b{p) = 1, 

(2) b{q) = whenever dM{p, q) > S, 

(3) sup^^M\mq)\U<R/S. 

Note that this is not a restrictive definition. In fact, Azagra, Ferrera, Lopez- 
Mesas and Rangel |1] proved that every separable Riemannian manifold is C°°- 
uniformly bumpable. Now, we can show that a rich class of Finsler manifolds, 
which includes every Riemannian manifold (separable or non-separable) , is uniformly 
bumpable. This result answers a problem posed in [H HI [10] . 

Corollary 4.2. Let M be a Finsler manifold in the sense of Neeb-Upmeier 
satisfying one of the following conditions: 

(1) M is K -weak-uniform and it is modeled on a Banach space X which admits 
property and the constant Cq does not depend on the norm. 

(2) M is K -uniform and it is modeled on a Banach space X which admits prop- 
erty {*^). 

Then, M is -uniformly bumpable with m := min{^, /c}. 



Proof. The assertion follows from Theorem |3.4| and Theorem 3.7 in a similar way to 
the Riemannian case. Let us give the proof under the assumption given in (1) for 
completeness. For every r>0, 0<5<r and p € M, let us define the function 
/ : M [0, 1] such that 



f{q) 



^ ■^idM{q,p)<6, 
if dM{q,p) > S. 



The function / is 4-Lipschitz, f{p) = 1 and f{q) = whenever q Bm{p, <J)- Let us 



define R := 3KCi (where Ci = 2CqK'^ is the constant given in Theorem 3.4) and 
take £ := \. By Theorem 3.4, there is a C""-smooth function g : M — )• M such that 
\\dg{p)\\p < CiLip(/), thus Lip(g) < Ci Lip(/) = ^ and \g{q) - f{q)\ < 
J for every q G M. Let us take a suitable C°°-smooth and Lipschitz function 
6* : M ^ [0, 1] such that e{t) = whenever t < \ and Q{t) = 1 for i > | (with 
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Lip(6') < 3). Let us define b{q) = 0{g{q)) for q £ M. It is clear that b is C™- 
smooth, suppg^,/ ||(i6(p)||p < and thus Lip(6) < h{p) = 1 and b{q) = for 
Q B}^[{p,5). Finally, we define R := 3Ci = 6CqK^ and this finishes the proof. □ 

The results given so far provide some interesting consequences on Riemannian 
manifolds. The following corollary provides a generalization (in the C^-smoothness 
case) to the non-separable setting of the result given in [4J for separable Riemannian 
manifolds. 

Corollary 4.3. Let M be a Riemannian manifold. Then, for every Lipschitz func- 
tion / : Af — )• M, every continuous function e : M — )• (0, oo) and r > there is 
a -smooth and Lipschitz function g' : M — )■ M such that \g{p) — f{p)\ < £{p) for 
every p £ M and Lip{g) < Lip(/) + r. 

Let us notice that for separable Riemannian manifolds, the Lipschitz function g 
that approximates / can be obtained to be C°°-smooth (see [1]). Unfortunately, in 
the non-separable case we can only ensure that g is C^-smooth. 

Corollary 4.4. Every Riemannian manifold is -uniformly bumpable. 

Let M be a Riemannian manifold. Let us denote by C^(M) the algebra of all 
bounded, Lipschitz and C^-smooth functions / : M — t- M. It is easy to check that 
C^(M) is a Banach space endowed with the norm •= ™ax{||/||oo, ||d/||oo} 

(where ||/||oo = sup^g^^ |/(p)| and \\df\\oo = suppgjvj ||d/(p)||p). Moreover, it is a 
Banach algebra with the norm 2| | • (^es [lOj)- Recall that two normed algebras 

{A,\\ ■ \ \a_) and {B,\ \ ■ \\b) are said to be equivalent as normed algebras whenever 
there exists an algebra isomorphism T : A ^ B such that ||r(a)||B = ||a||A for 
every a £ A. Also, the Riemannian manifolds M and are said to be equivalent 
whenever there is a Riemannian isometry h : M ^ N, i.e. /i is a C"^-difFeomorphism 
from M onto N satisfying 

{dh{x){v),dh{x){w))^^) = {v,w)^ 

for every x E M and every v,w £ TxM (where (•, ■)p is the escalar product defined 
in TpM). Garrido, Jaramillo and Rangel proved in a version of the Myers-Nakai 
theorem (see [18], |19j ) for infinite-dimensional Riemannian manifolds under the 
assumption that the Riemannian manifold is C^-uniformly bumpable. Therefore, 



from [lOj and Corollary 4.4, we can deduce the following assertion. 



Corollary 4.5. Let M and N be complete Riemannian manifolds. Then M and 
N are equivalent Riemannian manifolds if, and only if, C^(M) and C^{N) are 
equivalent as normed algebras. Moreover, every normed algebra isomorphism T : 
C^{N) —7- C^(M) is of the form T{f) = f o h, where h : M ^ N is a Riemannian 
isometry. 

A version for uniformly bumpable complete Riemannian manifolds of the Deville- 
Godefroy-Zizler smooth variational principle [6] (DGZ smooth variational principle. 



for short) was proved in [Ij. Thus, from [T] and Corollary 4.4 we deduce the following 
corollary. Recall that a function / : M — )• M U {oo} attains its strong minimum on 
M at X G M if f{x) = inf{/(2:) : z £ M} and dM{xnix) — whenever {xnjj^i is a 
sequence of points of M such that f{xn) — >■ f{x). A function / : M — )■ M U {oo} is 
said to be proper whether / 7^ oo. 



16 



M. JIMENEZ-SEVILLA AND L. SANCHEZ-GONZALEZ 



Corollary 4.6. (DGZ smooth variational principle for Riemannian manifolds). Let 
M be a complete Riemannian manifold and let f : M — )• M U {00} be a lower 
semicontinuous (Isc) function which is bounded below and proper. Then, for each 
e > there is a bounded -smooth and Lipschitz function 99 : M — t- M such that 

(1) f — if attains its strong minimum on M , 

(2) II93II00 < e and Hdc^Hoo < £■ 

Actually, following the proof given for Riemannian manifolds [1], we can extend 
this variational principle to the class of Finsler manifolds in the sense of Neeb- 
Upmeier weak-uniform, provided they are C^-uniformly bumpable. Let us indicate 
that, as in the previous Sections 2 and 3, the use of the norms ||| • |||^ are required 
in order to prove the result. 

Corollary 4.7. (DGZ smooth variational principle for Finsler manifolds). Let M 
be a complete and C"^ -uniformly bumpable Finsler manifold in the sense of Neeb- 
Upmeier K -weak-uniform, and let f : M ^ ML) {00} be a Isc function which is 
bounded below and proper. Then, for each e > there is a bounded, Lipschitz and 
-smooth function 99 : M — t- M such that: 

(1) / — 93 attains its strong minimum on M , 

(2) ||9?||oo < e and \\dip\\oo < e. 

Remark 4.8. It is worth noting that if a Finsler manifold M in the sense of 
Neeb-Upmeier satisfies the DGZ smooth variational principle, then it is necessar- 
ily modeled on a Banach space X with a C"^ -smooth and Lipschitz bump function. 
Indeed, by the DGZ smooth variational principle, there exists a C"^ -smooth and Lip- 
schitz function : M — )• M such that g = 1 — (j) attains its strong minimum at 
xq G M, \\4>\\oo < \ and \ \d(j)\\oo < \. Since xq is the strong minimum of g on M, 
for every 6 > there exists a > such that g{y) > a + g{xo) for every y £ M with 
dAiiy iXq) > 6 {**). Let us take ip : U ^ X a chart with xq £ U satisfying inequality 



(2.1) with the constant K^q > 1. Let us choose 6 > such that Bm{xq,25) C U, 
(P{Bm(xq,26)) is bounded in X, and the corresponding constant a > satisfies the 
above condition (**) for 5. Let : M — )• M 6e a -smooth and Lipschitz function 
with 9{t) = 1 for every t < g{xo), 9(t) = for every t > g{xo) + a and Lip(6') < 2/a. 
Let us define b : X ^ M by b{x) = 6{g{ip~^{x))) for every x G (p{Bm{xo,26)), and 
b{x) = whenever x lp{Bm{xq, 25)). Then, it is clear that b is a -smooth bump 

2a 



function on X and Lip(6) < 



5. Uniformly Bumpable and Smooth Approximation 

In this section we establish a characterization of the class of separable smooth 
Finsler manifolds in the sense of Neeb-Upmeier which are uniformly bumpable as 
those separable smooth Finsler manifolds in the sense of Neeb-Upmeier admitting 
approximation of Lipschitz functions by Lipschitz and smooth functions. 

The notion of smooth sup-partitions of unity on Banach spaces was introduced 
by R. Fry \Q\ to solve the problem of approximation of real-valued, bounded and 
Lipschitz functions defined on a Banach space with separable dual by C^-smooth 
and Lipschitz functions. Subsequent generalizations of this result and related results 
were given in [3] and [T^, by means of the existence of smooth sup-partitions of 
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unity on the Banach space. This concept can be considered in the context of Finsler 
manifolds as well. 

Definition 5.1. Let M be a Finsler manifold in the sense of Neeb-Upmeier. M 
admits -smooth and Lipschitz sup-partitions of unity subordinated to an 
open cover U = {Ur}reQ of M, if there is a collection of -smooth and L- Lipschitz 
functions {^Q-}aer (where L > depends on M and the cover U ) such that 

(51) iJa- M ^ [0, 1] for all aGT, 

(52) for each x e M the set {a G T : ipaix) > 0} G co(T), 

(53) {ipa}aer is subordinated to U = {Ur}ren) i-G- for each a £T there is r G 
such that supp(^a) C Ur, and 

(54) for each x £ M there is a £T such that il^a{x) = 1. 

D. Azagra, R. Fry and A. Montesinos proved that every separable Banach space 
with a Lipschitz and C'^-smooth bump function admits C'^-smooth sup-partitions 
of unity [9j and [3j. Following their proof, it can be stated the existence of C^- 
smooth sup-partitions of unity on separable, C'^ Finsler manifolds that are C^- 
smooth uniformly bumpable. 

Theorem 5.2. Let M be a separable Finsler manifold in the sense of Neeb- 
Upmeier. The following conditions are equivalent: 

(1) M is -uniformly bumpable (k < i). 

(2) There is C2 > 1 (which only depends on M) such that for every Lipschitz 
function f : G ^ M. defined on an open subset of M and every e > 0, there 
exists a Lipschitz and -smooth function (7 : M — )• M such that \f{x) — 
g{x)\ < e for every x £ G, \\dg{x)\\x < C2Lip(/) for all x G M, and thus 
Lip(5) <C2Lip(/). 

Sketch of the Proof. The proof of (2) =^ (1) follows along the same lines as the 
proof of Corollary |4.2[ The proof of the converse is analogous to the Banach space 
case [U [3l [13] with some modifications. Let us sketch the steps of the proof for the 
readers convenience. 

Step 1. There is r' > such that for every S < r' there exists a -smooth and 
Lipschitz sup-partition of unity subordinated to the open cover {BM{p,S)}peM of 
M. Let us mention the necessary modifications to be made in [9l |3] to prove this 
assertion. Let us fix an equivalent C°^-smooth norm || • || on cq, such that || • || < 
II ■ 1 1 00 < ^11 ■ II (for some constant A > 1). Since M is C'^-uniformly bumpable, 
there are r > and R > 1 such that for every point p € M and S G (0, r') (where 
r' := min{r, ^}) we can obtain two families of C'^-smooth functions, {bp}p^M and 
{bp}p^M, where bp, bp : M ^ [0, 1], such that 

(1) bp{p) = 1, bp{p) = 1, 

(2) bp{x) = whenever dM{x,p) > 5, bp{x) = whenever dM{x,p) > 6/2R, and 

(3) Lip(6p) < sup^(zM \\dbp{x)\\x < R/6, and Lip(6p) < sup^^zM \\dbp{x)\\x < 
2R^/5. 

Now, by composing {6p}pgM and {6p}p(=A/ with suitable real functions, we obtain 
C'^-smooth and Lipschitz functions fp,gp : M — t- [0, 1] such that fp{x) = whenever 
dM{x,p) < 5/2R, fp{x) = 1 whenever dM{x,p) > 5, gp{x) = 1 whenever dM{x,p) < 
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5/4i?2, gp{x) = whenever duix^p) > 5/2R, Lip(/p) < sup{||(i/p(a;)||x : x G M} < 
3R/6 and Up{gp) < sup{| U : x £ M} < 6R^/6. 

Now, by imitating the construction given in |3l |9], we obtain a countable C^- 
smooth and Lipschitz sup-partition of unity subordinated to (^)}pGAf with 

Lipschitz constant bounded above by 15^(1 + 2AR). 

Step 2. There is Ci > 1, that only depends on M , such that for every Lipschitz 
function f : M ^ [0, 1] with Lip(/) > 1, there exists a Lipschitz and C'' -smooth 
function g : M ^ R. such that \f{x) — g{x)\ < 1/4 for every x G M , and Lip((7) < 
sup{| |d(7(x)| : X G M} < CiLip(/). Notice that r' := min{r, ^} > depends 
only on M and ^ > 1 (which is an independent constant). Let us take a constant 
B > 4, which only depends on M, satisfying ^ < r' . Now, if Lip(/) := L > 1, 
let us define 6 := < r'. By Step 1, there exists a C'^-smooth and Lipschitz 

sup-partition of unity {Lpn}^=i subordinated to {Bm{p, S)}pgm such that Lip{ipn) < 
sup{||dv?„(x)|U : X G M} < 15i?(l + 2AR)BAL = CL, where C := 15i?(l + 
2AR)BA. Again, by imitating the proof of [9l [3] , it can be checked that the 
function g : M ^ R, 

is C'^-smooth, | j^: < CiL for every x G M, and thus it is Ci-L-Lipschitz, where 
Ci := 2A'^C (Ci only depends on M) and \g{x) - f{x)\ < 1/4, for every x e M. 

Step 3. Either |13| Proposition 1 and Theorem 3] or [5] Lemma 1] provides the 
final step to ensure the existence of a constant C2 < 3Ci (C2 only depends on M) 
such that every real-valued and Lipschitz function / : Af — )• M can be uniformly 
approximated by a smooth function g such that Lip(5r) < sup{| : x G 
M} < C2Lip(/). The proofs in ^ISj and ^ are given for Banach spaces, but they 
also work for a Finsler manifold provided Step 2 holds. 



Remark 5.3. Recall that if M is a Finsler manifold (separable or non- separable) 
in the se nse of Neeb- Upmeier modeled on a Banach space X, then condition (2) in 
yields to the fact that X has property (*^). A proof of this fact can be 



5.2 



Theorem 

obtained by applying the techniques of N. Moulis [T3|, P. Hdjek and M. Johanis |13j . 
Unfortunately, the results given in Section^ require additional assumptions on the 
manifold M to prove the converse, i. e. to prove that if X has property {*^), then 
M satisfies condition (2) in Theorem\5.^ 



6. Smooth and Lipschitz extensions 

Recall that D. Azagra, R. Fry and L. Keener proved in |5j that if X is a Banach 
space with separable dual X* , there exists a constant C > (that only depends on 
X) such that for every closed subspace Y C X and every C^-smooth and Lipschitz 
function / : y — )• M, there is a C"^-smooth and Lipschitz extension F : X ^ R (i.e. 
F{y) = f{y), for all y £ Y) with Lip(F) < CLip(/). Later on, a generalization of 
this result for the class of Banach spaces with property (*^) was given by the authors 
in |14] . The above result also holds in the case of a C^-smooth and Lipschitz function 
/ : D n y — 7- M, where D is a convex, closed subset of X, whenever there is an open 
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subset U ofX with D CU C X such that f : DCiY ^ R is Lipschitz and C^-smooth 
(as a function on Y). 

Remark 6.1. An examination of the constant C obtained in [5j and [14J yields to 
the fact that this can be taken as C := | + 66Co, where Co is the constant given by 
property (*^). Therefore, if X has property (*^) and the constant Cq does not depend 
on the (equivalent) norm considered in X, then the constant C does not depend on 
the (equivalent) norm considered in X either. 

In this section we shall give a smooth extension result on a certain class of 
Finsler manifolds M for C^-smooth functions / : — )• M defined on a submanifold 
A^, whenever / is Lipschitz with respect to the Finsler metric of the manifold M. 

Let us consider a manifold M modeled on a Banach space X. First, let 
us give the definition of submanifold. A subset A^ C M is a C"*^ submanifold of 
M if for every p £ N there is a chart {Vp, ipp) of M at p, such that p £ Vp and 
iPp{Vp n A^) = AnY, where y is a closed subspace of X and A is an open subset 
of X with ippip) £ AnY. Notice that we do not require in this definition that Y is 
complemented in X. Thus, this definition of submanifold is more general than the 
one considered in some texts for Banach manifolds modeled on infinite dimensional 
Banach spaces. Recall that if M is a Finsler manifold and A^ is a submanifold 
of M, then || • \ is a Finsler structure for A'" [21^ Theorem 3.6]. Let us begin with 
the following Lemma. 

Lemma 6.2. Let X be a Banach space with property (*^) and letY C X be a closed 
subspace of X . Let D C X be a closed, convex subset of X, A d X an open subset 
of X such that D C A and f : ACiY ^ a -smooth and Lipschitz function 
(as a function on Y). Let us consider e > and a Lipschitz extension of f\jy^Y 
to X, which we shall denote by F : X ^ M (i.e. F : X ^ M is Lipschitz and 
F{y) = f{y), for all y E D r\Y). Then, there exists a -smooth and Lipschitz 
function G : X — )• M such that 

(n) \G{x) - F{x)\ < e for all x e X, and 
(iii) Lip(G) <ii(Lip(F) + Lip(/)), 

where R := ^Co(| + 66Co) is a constant that depends only on {X, \\ • ||). 

Proof. Since X admits property {*^), from the results in [5j and we know 
that there exists a Lipschitz and C^-smooth extension : X — )■ M of /|^py to X 
such that ^i^^y = and Lip(5r) < CLip(/), where C := | + 66Co depends 

only on {X, || • ||) (and Cq is the constant given by property {*^)). Also, since X 
admits property (*^), there is a C^-smooth and Lipschitz function /i : AT — )• M such 
that \h{x) — F{x)\ < e for x £ X and Lip(/i) < (7oLip(F). Consider the sets 
E = {x £ X : \g{x) - F{x)\ < e/4}, L = {x £ X : \g{x) - F{x)\ < e/4} and 
B = {x£X : \g{x) - F{x)\ < e/2} in X. Then DnY C E C L C B. 

As in the proof of |14l Lemma 2.3], let us consider a C^-smooth and Lipschitz 
function n : AT — )• [0, 1] such that u{x) = 1 whenever x £ I, u{x) = whenever 
x£X\Be.nd Lip(n) < 9^o(Lip(F)+CLip(/)) _ 

Now, let us define G : X ^ R, 

G{x) = u{x)g{x) + (1 — u{x))h{x), x £ X. 
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Clearly, the function G is C^-smooth and G{y) = f{y) for y G D n 1". \i x ^ X\B, 
then \G{x) - F{x)\ = \h{x) - F{x)\ < e. If x £ B, then we have \G{x) - F{x)\ < 
u{x)\g{x) — F{x)\ + (1 — u{x))\h{x) — F{x)\ < e. Let us prove that G is Lipschitz 
on X. 

(i) lixeX\B, then ||G'(x)|| = \\h'{x)\\ < CoUp{F); 

(ii) ii x £ B, then 

||G"(x)|| < \\g{x)u{x) + h{x){l - + \\g'{x)u{x) + /i'(x)(l - u{x))\\ < 

< ||(g(x) - F{x))u'ix) + {h{x) - F{x)){l - u)'{x)\\ + (CLip(/) + CoLip(F)) < 
29 

<yCoC(Lip(/)+Lip(F)). 

Now, let us define R := fGoG = f Co(| + 66C7o), which yields to Lip(G) < 
i2(Lip(F)+Lip(/)). 

□ 

Proposition 6.3. Let M be a Finsler manifold in the sense of Neeh-Upmeier 
K -weak-uniform such that it is modeled on a Banach space X that admits property 
(*^) and the constant Gq does not depend on the norm. Let N C M be a closed 
G^ submanifold and let f : N ^ M. be a G^ -smooth function. If f is Lipschitz as a 
function on M (i.e., there is L > such that \ f{p) — f{q)\ < LdM{p,Q), for every 
p,q £ N), then there is a G^ -smooth and Lipschitz extension g : M ^ such that 
Lip(5) < S'Lip(/), where S := ^ -\- 2RK^ and R is the constant given in Lemma 



Proof. First, let us extend / to M as F{x) := infygjv{/(y) + LdM{x,y)}, for every 
X G M, where L = Lip(/) = sup{ ^'^d'^l^pq)^^ • P^l ^ -^^P q}- The function F is a 
Lipschitz extension of / to M, with the same Lipschitz constant Lip(F) = Lip(/) = 
L. 

Let us take a family of charts {(O^, 99^)}^griur2) a set of points {P7}7eriur2 on 
M and a family of open subsets {V^}7eri on M satisfying: 

(1) Vy C O7, for ah 7 G Li, 

(2) p^ £ for all 7 G r := Fi U F2 and p^ £ Vy for all 7 G Fi, 

(3) N C U^en and M \ iV = {j^^^^ O7, 

(4) ipy{0.y) := A-y C X and the sets Ay are open subsets of X, for all 7 G F1UF2, 

(5) ipy{Vy) := Gy C X aud the sets Gy are closed, convex subsets of X, for all 

7eri, 

(6) ipy : Oy —7- Ay 81,16 "dlff comor phlsms such that 

\\\dipy{p)\\\y := sup{\\\dipy{p){v)\\\y i \\v\\p = l}<2K fov all p G Oy, 

where |||w|||7 := \\d<Py^{ipy{py)){ w)\\p^^ for every w G X. Moreover, we can 
assume that (py : Oy — )• Ay is 2Er-bi-Lipschitz with the norm ||| • |||^ in X, 



for all 7 G Fi U F2 (notice that we are using Remark 2.2 6) for R = 2K and 



Lemma 2.4). 

(7) Since is a submanifold of M (modeled on a closed subspace Y of 
X), we may have selected the charts so that ^Py{Oy n N) = Ay CiY and 
(fy{Vy n A^) = <Py{Vy) H Y = C7 H ^ for ah 7 G F 1 . 
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By Lemma 3.6 there is an open refine ment {Wn,-y}neN,'-/er of {V^j^gn U {0'y}^gr2 



satisfying properties (i) — (iv) of Lemma 3.3, and there is a C^-smooth and Lipschitz 



partition of unity of M {V'ri,7}raeN,7er such that supp('0n,7) C W„,^ C for every 
n G N and 7 G r2 and supp(V'n,7) C H^n,7 C V-y for every n G N and 7 G Li. Let us 
write Ln^ry := max{l, sup{| 1^: : x G M}} for every n G N and 7 G L, and 

let us define : A^CiY (for all 7 G Li) and : (for aU 7 G L) as 

My) ■= f ° 'P^'^iy) and Fj{x) := F o ip:^^{x), 

for every y G D Y and x G vl^. The functions and -F.y are i^L-Lipschitz with 
the norm ||| • |||^ in X and is a Lipschitz extension of /^|^ to A^. Since X 

admits property (*^_) (with the same constant Cq, for every equivalent norm), we 



can apply Lemma 6.2 to obtain C^-smooth and Lipschitz functions Gn,^ '■ X 
for all n G N and 7 G Li, such that 

(a) Gn,^!^^^^ = fy, 

(b) \Gn,'y{x) — ^^7(2;) I < 2n+iL — every x €^ A^, and 

(c) Lip(G„^^) < 2RKL, for the norm 1 1 1 • 1 1 17 on X, where R is the constant given 



in Lemma l6.2[ 

In addition, since X has property (*^), we obtain for every n G N and 7 G 
C^-smooth and Lipschitz functions Gn,'y : X — t- M satisfying the conditions (b) and 
(c) (notice that Cq < R). 

Now, let us define g : M ^Rhy 

neN,7er 

Since supp(V'n,7) C Wn,7 C O7 for every (n, 7) G N x F, and {V'n,7}neN,7er is a 
C^-smooth partition of unity of M, the function g is well defined and C^-smooth on 
M. Now, if y G and ipn,'^{y) / 0, then y eV^r^N and ip^{y) G C^nl". Therefore, 
Gnain^^iy)) = f{y) and g{y) = E„eN,7er V'n,7(y)/(2/) = /(?/)• Let us prove that g 
is Lipschitz on M. Recall that dg{x) = Yln&i -yi^v '^'^ri,^[x) = for all x G M, and 
thus dg{x) = J2nm 'jer ^''l^ri,'yix)F{x) = 0. In addition, if x G M and dipn^-yix) ^ 0, 
then F{x) = F{ip~^{ip^(x))). Therefore, 

\\dg{x)\\x < II ^ Gn,'y{(p-yix)) d'lpn,-y{x)\\x + 

neN,7er 

+11 X] '0„,^(x) dGn,7((/?7(a;)) (iv'7(x)||^ < 
neN,7er 

< \\diJnn{x)\\x\Gn,-y{^^(.x))-F{x)\+ ^ i^n,-y{x)2RK^ L < 

neN,7er neN,7er 

< E Wn) 2n+lf + 2^^'^ < § + 2i?^'^. 

neN ^n,7(n) ^ 



Thus, if we define S := ^ + 2RK^, it follows from Proposition 2.3 that Lip{g) < 
sup{| |d(7(x)| |x : X G M} < 5Lip(/) and the constant S only depends on M. 



□ 
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Unfortunately, we do not know if the conclusion of the Proposition |6.3| holds if 
we drop the assumption that the Banach space X admits the property (*^) with the 
same constant Cq for every (equivalent) norm. 
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